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Motivation

Context of redistribution

Targeted platforms : distributed heterogeneous platforms (network of works-
tations, clusters, clusters of clusters, grids, etc.)

1 Variations in resource performance or application requirements.

2 Data must be redistributed to achieve a better load-balance.

3 We do not discuss load-balancing : we aim at optimizing the data
redistribution induced by some external load-balancing mechanism.

Hélène Renard, Yves Robert, Frédéric Vivien Data redistribution algorithms for heterogeneous processor rings



Motivation

Motivation for rings

Rings are important for applications running on ordered data where the data
order must be preserved.

Example : large matrix with the condition that each processor operates on
a slice of consecutive columns.
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Motivation for rings

Rings are important for applications running on ordered data where the data
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Motivation

Motivation for rings

Rings are important for applications running on ordered data where the data
order must be preserved.

Example : large matrix with the condition that each processor operates on
a slice of consecutive columns.

A uni-dimensional data distribution induces a uni-dimensional arrangements
of processors.

We consider :

Uni and bi-directional rings.

Homogeneous and heterogeneous rings.
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Motivation

Notations and hypotheses

Processors : P1, ..., Pn (numbered according to their rank in the ring).

Initially, processor Pi holds Li data.

δi is the unbalance of Pi : after redistribution, Pi will hold Li − δi data.

Data conservation law :
∑

i δi = 0

Hypotheses on unbalance :

A processor holds at least one data item before redistribution : Li ≥ 1.
A processor holds at least one data item after redistribution : Li ≥ 1+δi .

ci ,i+1 : time needed for Pi to send an atomic data item to Pi+1.

Communication model : 1-port

a processor can receive from at most one processor at a time
a processor can send to at most one processor at a time
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Homogeneous unidirectional ring

Framework

Pi Pi+1 Pj−1 Pj

Homogeneous communication time : c .

Pi can only send messages do Pi+1.

It takes Pj at least a time δi ,j × c to send δi ,j data items (if δi ,j > 0).

Lower bound :

(
max

1≤i≤n, 1≤j≤n
δi ,j

)
× c
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Lower bound on redistribution time
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Homogeneous unidirectional ring

Redistribution algorithm

2 4 1 −1−3−1−2

P1 P4 P7P6P5P3P2
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Redistribution algorithm
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δ2,4 = 2− 1 + 4 = 5 = δmax

δmax = 5

The whole redistribution algorithm is defined by the first processor in a set
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Homogeneous unidirectional ring

Redistribution algorithm

2 4 1 −1−3−1−2

P1 P4 P7P6P5P3P2

δ2,6 = 3

δmax = 5

The whole redistribution algorithm is defined by the first processor in a set
of maximal unbalance.

During the whole algorithm, processor Pi sends δ2,i data items.
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Redistribution algorithm

2 4 1 −1−3−1−2

P1 P4 P7P6P5P3P2

δ2,2 = 2 δ2,3 = 1 δ2,4 = 5 δ2,5 = 2 δ2,6 = 3 δ2,7 = 2δ2,1 = 0

δmax = 5

The whole redistribution algorithm is defined by the first processor in a set
of maximal unbalance.

During the whole algorithm, processor Pi sends δ2,i data items.
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Homogeneous unidirectional ring
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Homogeneous unidirectional ring

Redistribution algorithm
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Homogeneous unidirectional ring

Redistribution algorithm
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Homogeneous unidirectional ring

Redistribution algorithm

2 4 1 −1−3−1−2

P1 P4 P7P6P5P3P2

δ2,2 = 2 δ2,3 = 1 δ2,4 = 5 δ2,5 = 2 δ2,6 = 3 δ2,7 = 2δ2,1 = 0

At step 5, Pi sends a data item if and only if δ2,i ≥ 5
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Homogeneous unidirectional ring

Redistribution algorithm

2 4 1 −1−3−1−2
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Homogeneous unidirectional ring

Formal algorithm

1: Let δmax = (max1≤k≤n,0≤l≤n−1 |δk,k+l |)
2: Let start and end be two indices such that the slice Cstart,end is of

maximal unbalance : δstart,end = δmax.
3: for s = 1 to δmax do

4: for all l = 0 to n − 1 do
5: if δstart,start+l ≥ s then

6: Pstart+l sends to Pstart+l+1 a data item during the time interval
[(s − 1)× c , s × c[

Theorem

This redistribution algorithm is optimal.
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Heterogeneous unidirectional ring

Lower bound on redistribution time

Processor Pi takes a time ci ,i+1 to send a data item to processor Pi+1.

The lower bound is established as previously.

It takes Pj at least a time δi ,j × cj ,j+1 to send δi ,j data items (if δi ,j > 0).

Lower bound : max
1≤i≤n, 1≤j≤n

δi ,j × cj ,j+1
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Heterogeneous unidirectional ring

Consequences of heterogeneous communications times

2 4 1 −1−3−1−2
FastSlow

P1 P4 P7P6P5P3P2

δ2,2 = 2 δ2,3 = 1 δ2,4 = 5 δ2,5 = 2 δ2,6 = 3 δ2,7 = 2δ2,1 = 0

P6 may have to wait for data items from P5 to be able to send all the needed
data items to P6.

The completion time of P6 cannot be expressed with a simple formula.

The redistribution algorithm is asynchronous.
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Heterogeneous unidirectional ring

The redistribution algorithm

This is simply an asynchronous version of the previous algorithm.

1: Let δmax = (max1≤k≤n,1≤l≤n |δk,l |)

2: Let start and end be two indices such that the slice Cstart,end is of
maximal unbalance : δstart,end = δmax.

3: for all l = 1 to n do

4: Pl sends δstart,l data items one by one and as soon as possible to
processor Pl+1
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Heterogeneous unidirectional ring

Optimality

Lemma

The running time of the redistribution algorithm is

max
1≤l≤n

δstart,l × cl ,l+1.

In other words, there is no forwarding delay, whatever the initial distribution.
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Homogeneous bidirectional ring

Framework

Pi Pi+1 Pj−1 Pj

Homogeneous communication time : c .

Bi-directional communications

Lower bound : max

{
max

1≤i≤n
|δi |, max

1≤i≤n,1≤j≤n

⌈
|δi ,j |
2

⌉}
× c
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Homogeneous bidirectional ring

Lower bound on redistribution time
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Homogeneous bidirectional ring

Lower bound on redistribution time

Pi Pi+1 Pj−1 Pj

δi δi+1 δj−1 δj

δi ,j = δi + δi+1 + ... + δj−1 + δj

Homogeneous communication time : c .

It takes at least a time

⌈
δi ,j

2
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Homogeneous bidirectional ring

Algorithm principles

1 Any set of contiguous processors Pi , ...,Pj such that
⌈
|δi,j |

2

⌉
= δmax

and δi ,j ≥ 0 must send two data items per algorithm step, one by each
of it ends.

2 Any set of contiguous processors Pi , ...,Pj such that
⌈
|δi,j |

2

⌉
= δmax

and δi ,j ≤ 0 must receive two data items per algorithm step, one by
each of it ends.

3 Let Pi be such that |δi | = δmax.
If Pi is already involved in a communication (defined by the previous
cases) : its case is settled.
Otherwise, we have the choice to whom Pi must send (case δi ≥ 0),
or from whom Pi must receive (case δi ≤ 0) a data item.
To simplify the algorithm, all these communications take place in the
direction “from Pi to Pi+1”.
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Homogeneous bidirectional ring

Optimality

Theorem

The algorithm fully described in the proceedings is optimal.

Main difficulty : handling of all special cases (boundary effects).

Hélène Renard, Yves Robert, Frédéric Vivien Data redistribution algorithms for heterogeneous processor rings



Heterogeneous bidirectional ring

Talk overview

1 Motivation

2 Homogeneous unidirectional ring

3 Heterogeneous unidirectional ring

4 Homogeneous bidirectional ring

5 Heterogeneous bidirectional ring

6 Conclusion

Hélène Renard, Yves Robert, Frédéric Vivien Data redistribution algorithms for heterogeneous processor rings



Heterogeneous bidirectional ring

Lower bound

Same type of demonstration than previously.

max



max
1≤k≤n, δk>0

δk min{ck,k−1, ck,k+1}

max
1≤k≤n, δk<0

−δk min{ck−1,k , ck+1,k}

max
1≤k≤n,

1≤l≤n−2,
δk,k+l>0

min
0≤i≤δk,k+l

max{i · ck,k−1, (δk,k+l − i) · ck+l ,k+l+1}

max
1≤k≤n,

1≤l≤n−2,
δk,k+l<0

min
0≤i≤−δk,k+l

max{i · ck−1,k ,−(δk,k+l+i) · ck+l+1,k+l}
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Heterogeneous bidirectional ring

Light redistributions : definition

Definition : a redistribution is light if each processor initially holds all the
data items it will have to send during the execution of the whole algorithm.

Si ,j : amount of data sent by Pi to its neighbor Pj during the redistribution.

Mathematical condition for light redistribution : Si ,i+1 + Si ,i−1 ≤ Li .
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Heterogeneous bidirectional ring

Light redistributions : resolution

Minimize τ, subject to
Si ,i+1 ≥ 0 1 ≤ i ≤ n
Si ,i−1 ≥ 0 1 ≤ i ≤ n
Si ,i+1 + Si ,i−1 − Si+1,i − Si−1,i = δi 1 ≤ i ≤ n
Si ,i+1ci ,i+1 + Si ,i−1ci ,i−1 ≤ τ 1 ≤ i ≤ n
Si+1,ici+1,i + Si−1,ici−1,i ≤ τ 1 ≤ i ≤ n

Lemma

Any integer solution of the previous system is feasible.

Lemma

Among the two natural integer rounding of any optimal rational solution to
the previous system, one is an optimal integer solution.
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Heterogeneous bidirectional ring

General case

Still open.
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Conclusion

Conclusion

Optimal algorithms for

1 Uni-directional homogeneous rings.

2 Uni-directional heterogeneous rings.

3 Bi-directional homogeneous rings.

4 Bi-directional heterogeneous rings (light redistribution).

Optimized data redistributions needed for dynamic load-balancing phases.
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