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Abstract

In this paper we introduce a new approach, calledsym-
bolic wavefront expansion, determining both the path
and the departure time minimizing the travel time of a
UAV in presence of dynamic wind fields. The key idea
of this approach is to manipulate functions instead of
numerical values.

Introduction

Recent advances made in the field of autonomous vehi-
cles suggest that, in a near future, Unmanned Air Vehicles
(UAVs) will be more and more deployed in order to achieve
various missions such as surveillance, intelligence or search
and rescue. Moreover, since UAVs are generally small or
slow, the impact of winds is significant, and cannot be ne-
glected.

Specific path planning approaches have been proposed
to handle winds, based on evolutionary computation (Al-
varez, Caiti, & Onken 2004), wavefront expansion (Pêtrès
et al. 2007) or optimization techniques (Zhanget al. 2008).
These approaches determine the path taking at most profit of
winds, i.e. maximize the parts of the path where the vehicle
and the winds point in the same direction.

The main drawback of these approaches is that they re-
quire fixing the departure time in advance. Fixing the de-
parture time allows knowing the state of the winds, which is
necessary to evaluate the travel cost of the vehicle.

However, in many applications, the departure time may
vary in a given time window. In such situations, the choice
of an appropriate departure time is a critical issue: if it isim-
properly chosen, winds may be against the vehicle, whatever
the path planned. This can be illustrated by comparing the
effects of the winds to the traffic: during rush hours, what-
ever the route used, the travel time by car will be much more
important that the one obtained after these rush hours.

That is why we introduce a new approach mixing con-
cepts from mobile robotics (the wavefront expansion (Dorst
& Trovato 1988)) and communication networks (handling
time-dependent costs by manipulating functions (Orda &
Rom 1990)). The resulting algorithm, that we calledsym-
bolic wavefront expansion, is able to determine both the path
and the departure time (in a given time window), minimizing
the travel time.

Problem statement
Our problem consists in finding both the pathP and the de-
parture timed∗ (in a time window[0, T ]) for an UAV, mini-
mizing its travel time between two pointsA andB in a pla-
nar environment, containing space and time varying winds.

The velocity of the vehicle relative to the wind is constant
(cruise speed). Winds are known throughk charts denoted
C1, C2, ..., Ck, obtained by forecasting. Each chart is ap-
plied in the environment fromt = ti−1 to t = ti.

The environment is discretized using a regular grid. Each
cellX of this grid has an attributecX , representing the travel
time required to reachX from the start pointA for all possi-
ble departure times. An instance of our problem is depicted
in figure 1.
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Figure 1: A path planning problem in time-varying winds,
with two wind chartsC1 andC2.

The symbolic wavefront expansion
The wavefront expansion was first introduced in (Dorst &
Trovato 1988). It consists in iteratively expanding a wave-
front F from the cellA within the grid until it has reached
the cellB. An expansion step consists in extracting the cell
H for which the costcH is minimal and then propagating
this cost to its neighbors. This propagation is done in two
steps: (1) an evaluation step and (2) a comparison step.

In the "classical" wavefront expansion described above,
the costcX associated to a cellX is a number. Thus,
propagation steps involve numeric operations. In the
symbolic wavefront expansion we propose,cX is not a
number anymore, but a function of the departure time.
Therefore, propagation steps involve symbolic operations,



similarly to (Orda & Rom 1990). These operations remains
computationally efficient because manipulated functions
are piecewise linear.

Redefining the evaluation operator: The evaluation op-
eration is used to compute the costcN of a new cellN , com-
ing fromH (already evaluated).

In the classical wavefront expansion, the costcN is ob-
tained by adding travel time betweenH andN ,given by
a metricMH,N , to the costcH . More formally, we have
cN = cH +MH,N (cH + d), whered is a fixed value repre-
senting the departure time fromA.

In the symbolic wavefront expansion,d is a variable
(lying in [0, T ]) and cN and cH are functions of this
variable. Therefore, all operations are now symbolic. It
means that they operate on functions expressions rather
than on numerical values. For instance, if a linear piece of
cH is defined byd 7→ a · d + b, thencH + d is defined by
d 7→ (a + 1) · d + b. Moreover, sinceMH,N andcH + d
are two functions, the operationMH,N (cH + d) consists in
compounding them.

Redefining the comparison operator: The comparison
operation is used to choose between two concurrent sources
H0 andH1 for a same destinationN , by comparing the costs
c0

N andc1

N associated to the movesH0 → N andH1 → N .
In the classical wavefront expansion, this operation con-

sists in comparing the two numerical valuesc0

N andc1

N . The
predecessorHi leading to the smallest valueci

N will be se-
lected to reachN .

In the symbolic wavefront expansion, this comparison
is performed for all possible departure timesd. By
this way, we build a new functioncN defined byd 7→
min {c0

N (d), c1

N (d)}.. This combination is illustrated in fig-
ure 2. For each value ofd, a backpointer towards the optimal
predecessorHi (for which ci

N (d) is minimal) is stored.
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Figure 2: Our symbolic comparison operator

Building the solution:
• Optimal departure time (fig. 3):

By construction, the departure time minimizing the travel
time fromA to B is the minimum of the cost functioncB .
SincecB is piecewise linear, this minimum can easily be
located by enumerating the pieces ofcB .

• Optimal path (fig. 4):
Onced∗ is known, the optimal path is build by following
backpointers stored during the cost propagation.

Implementation
The symbolic wavefront expansion has been implemented in
our planner Airplan (Soulignac & Taillibert 2006). We re-
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Figure 3: The cost functioncB and optimal departure time
d∗ for the problem of fig. 1.
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Figure 4: The optimal path for the problem of fig. 1. The
departure of the robot has been delayed such that, in each
chart, the robot is "pushed" by winds (grey parts).

placed the classical wavefront expansion by the symbolic
one. This new version will be demonstrated during the
workshop on actual wind charts.

References
Alvarez, A.; Caiti, A.; and Onken, R. 2004. Evolution-
ary path planning for autonomous underwater vehicles in a
variable ocean.Journal of Oceanic Engineering 29:418–
429.
Dorst, L., and Trovato, K. 1988. Optimal path planning
by cost wave propagation in metric configuration space. In
Proceedings of SPIE-The International Society for Optical
Engineering, volume 1007, 186–197.
Orda, A., and Rom, R. 1990. Shortest-path and minimum-
delay algorithms in networks with time-dependent edge-
length.Journal of the ACM 37:607–625.
Pêtrès, C.; Pailhas, Y.; Patron, P.; Petillot, Y.; Evans, J.; and
Lane, D. 2007. Path planning for autonomous underwater
vehicles.Transactions on Robotics 23:331–341.
Soulignac, M., and Taillibert, P. 2006. Fast trajectory plan-
ning for multiple site surveillance through moving obsta-
cles and wind. InProceedings of the Workshop of the UK
Planning and Scheduling Special Interest Group, 25–33.
Zhang, W.; Inanc, T.; Obaum, S. O.-B.; and Marsden, J. E.
2008. Optimal trajectory generation for a glider in time-
varying 2d ocean flows b-spline model. InProceedings of
the International Conference on Robotics and Automation,
1083–1088.


