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Abstract.
This paper introduces a new filtering algorithm for handling systems of quadratic

equations and inequations. Such constraints are widely used to model distance re-
lations in numerous application areas ranging from robotics to chemistry. Classical
filtering algorithms are based upon local consistencies and thus, are often unable to
achieve a significant pruning of the domains of the variables occurring in quadratic
constraint systems. The drawback of these approaches comes from the fact that
the constraints are handled independently. We introduce here a global filtering
algorithm that works on a tight linear relaxation of the quadratic constraints. The
Simplex algorithm is then used to narrow the domains. Since most implementations
of the Simplex work with floating point numbers and thus, are unsafe, we provide
a procedure to generate safe linearizations. We also exploit a procedure provided
by Neumaier and Shcherbina to get a safe objective value when calling the Simplex
algorithm. With these two procedures, we prevent the Simplex algorithm from re-
moving any solution while filtering linear constraint systems. Experimental results
on classical benchmarks show that this new algorithm yields a much more effective
pruning of the domains than local consistency filtering algorithms.

Keywords: global constraints, quadratic constraints, safe linearizations

1. Introduction

This paper introduces a new filtering algorithm for handling systems
of quadratic equations and inequations over the reals. Such quadratic

continuous constraints can be formulated as follows:

∑

(i,j)∈N×N

Ck
i,jxixj +

∑

i∈N

Ck
i x2

i +
∑

i∈N

dk
i xi = bk (1)

with Ck
i,j, C

k
i , dk

i ∈ R for all (i, j) ∈ N × N and k ∈ 1..K; N being
the number of variables and K the number of quadratic constraints.

† This paper is an extended version of [23]
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2 Lebbah, Michel and Rueher

For sake of simplicity, we will only consider equations in the rest of
this paper; handling of inequations is straightforward since our frame-
work is based on the Simplex algorithm.

Quadratic constraints are widely used to model distance relations in
numerous application areas ranging from robotics to chemistry. Thus,
an efficient filtering of quadratic constraint systems is a key issue for
solving many nonlinear constraint systems.

Classical filtering algorithms are based upon local consistencies such
as 2B-consistency [24] or Box-consistency [6], and thus often achieve
a very poor pruning of quadratic constraint systems. The drawback of
these approaches comes from the fact that the constraints are handled
independently and in a blind way. That’s to say, classical local consis-
tencies do not take advantage of the properties of quadratic constraints
to reduce the domains of the variables.

3B-consistency and kB-consistency are partial consistencies which
can achieve a better pruning since they are “less local” [14]. However,
they require numerous splitting steps to find the solutions of a system
of quadratic constraints; so, they may become rather slow.

The purpose of this paper is to introduce a global filtering algo-
rithm that works on a tight and safe linear relaxation of the quadratic
constraints. This relaxation is adapted from a classical linearization
method, the “Reformulation-Linearization Technique (RLT)” [31, 30].
The global filtering algorithm is based on an iterative process. First,
the Simplex algorithm is used to narrow the domain of each variable
with respect to the subset of the linear set of constraints generated by
the relaxation process. Then, the coefficients of these linear constraints
are updated with the new values of the bounds of the domains and the
process is restarted until no more significant reduction can be done.

The use of the Simplex in the filtering process is a critical issue: (1)
The coefficients of the generated linear constraints are real numbers.
However, when they are computed on floating point numbers the whole
linearization may be incorrect due to rounding errors; (2) Most linear
programming solvers are implemented with floating point numbers that
require rounding operations, and thus, are unsafe.

This paper provides a safe procedure to handle these two problems,
and thus to prevent the linearization process and the Simplex algo-
rithm from removing any solution. We take advantage of a result of
A. Neumaier and O. Shcherbina that provides a cheap but rigorous
process to correct the value of the objective function. This process
exploits information from the dual problem to compute safe bounds of
the approximated solutions.

The experimental results show that this new algorithm yields a much
more effective pruning of the domains than filtering algorithms based
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Figure 1. Geometrical representation of {2xy + y = 1, xy = 0.2}

upon local consistencies. It outperforms systems like Ilog Solver [17]
and RealPaver [12]. Gough-Stewart platform [10] benchmark. That is,
the integration of Quad in a general branch and prune solver allows
to tackle difficult applications with a significant subset of quadratic
constraints.

Before going into the details, let us illustrate our framework on a
short example.

1.1. An illustrative example

Consider the constraint system C = {2xy + y = 1, xy = 0.2} which
represents two intersecting curves (see figure 1).
Suppose that Dx = Dy = [−10,+10]. Interval [x, x] denotes the set of
reals {r : x ≤ r ∧ r ≤ x}.

The reformulation-linearization technique (see section 3) yields the
following constraint system:

(a)



































y + 2w = 1, w = 0.2
yx + xy − w ≤ xy, yx + xy − w ≥ xy,
yx + xy − w ≥ xy, yx + xy − w ≤ xy
x ≥ x, x ≤ x, y ≥ y, y ≤ y
w ≥ min{xy, xy, xy, xy},
w ≤ max{xy, xy, xy, xy}

where w is a new variable that stands for the product xy.
Substituting x, y, x and y by their values and minimizing (resp. max-
imizing) x, y and w with the Simplex algorithm yields the following
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4 Lebbah, Michel and Rueher

Table I. Filtering of {2xy + y = 1, xy = 0.2} with
2B, Box and Quad

2B Box Quad

x ∈ [0, 10] [0, 10] [0.333333, 0.33333...4]

y ∈ [−10, 10] [−10, 10] [0.600000, 0.600000]

new bounds:
Dx = [−9.38, 9.42], Dy = [0.6, 0.6], Dw = [0.2, 0.2]

By substituting the new bounds of x, y and w in the constraint system
(a), we obtain the following linear constraint system:

(b)























y + 2w = 1, w = 0.2
0.6x − 9.38y − w ≤ −5.628 0.6x − 9.38y − w ≥ −5.628
0.6x + 9.42y − w ≥ 5.652, 0.6x + 9.42y − w ≤ 5.652
x ≥ −9.38, x ≤ 9.42, y ≥ 0.6, y ≤ 0.6,
w ≥ 0.2, w ≤ 0.2

Two more minimizing (resp. maximizing) steps of x, y and w are
required to obtain the bounds displayed in table I.

Let us examine a second example that underlines the need for a rigor-
ous computation of safe approximations of the linearizations. Consider
the following set of linear constraints:

y − 2x ≥ 0
y + 2x ≥ 0
−y ≥ k
with x and y ∈ [−2.0, 2.0]

A standard implementation of the Simplex algorithm over the float-
ing point numbers (e.g. CPLEX [16]) finds the solution x = 0 and y = 0
when k = 0. However, suppose that k is the result of some computation
with a rounding to +∞, then the value of k is 4.94065 . . . ×10−324,
which is nothing but the float following 0. Then, no solution is found by
CPLEX, even when the rigorous corrections from Neumaier and Shcherbina
[28] are applied. The safe rounding procedure introduced in this paper
preserves all the solutions, that is to say, x = 0 and y = 0 for the
considered example.

1.2. Outline of the paper

Section 2 defines the notations and points out the limits of local con-
sistencies. Section 3 gives an overview of our framework and introduces
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different relaxation classes. Section 4 details the filtering process. The
safe rounding procedure is introduced in section 5. Finally, section 6
reports some experimental results.

2. Preliminaries

2.1. Notations

This paper focuses on CSPs where the domains are intervals and the
constraints are continuous. A n-ary continuous constraint Cj(x1, . . . , xn)
is a relation over the reals. C stands for the set of constraints.

Dx = [x, x] denotes the domain of variable x. D stands for the set
of domains of all the variables of the considered constraint system. R

denotes the set of real numbers whereas F stands for the set of floating
point numbers.

Let e ∈ R, 4(e) (resp. 5(e)) denotes the smallest (resp. the biggest)
floating point number eF such that e ≤ eF (resp. e ≥ eF). For conve-
nience, 4(e) (resp. 5(e)), where e stands for an arithmetic expression,
means that any basic operation has to be done according to the spec-
ified rounding direction, i.e., with a rounding to +∞ (resp. to −∞).
We assume an IEEE 754 floating point unit, that is to say, that basic
operations like +, −, /, ∗ are exactly rounded [15].

The RLT (reformulation-linearization technique) [31] notation [E]L
stands for E where the quadratic terms have been replaced by new
variables in expression E. [c]R denotes the set of linear inequalities
that approximate the nonlinear terms of constraint c.

2.2. Limits of local consistencies

Formal definitions of 2B-consistency and Box-consistency can be found
in [14]. We will just recall here the basic idea of these local consistencies.

2B-consistency [24] states a local property on the bounds of the
domains of a variable at a single constraint level. Roughly speaking,
constraint c is 2B-consistent if, for any variable x, there exists values
in the domains of all other variables which satisfy c when x is fixed to
x or x.

Box-consistency [6] is a coarser relaxation than 2B-consistency. It
mainly consists of replacing every existentially quantified variable but
one with its interval in the definition of 2B-consistency.

Different approximations have been introduced in the implementa-
tions of the corresponding filtering algorithms:
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− 2B-filtering decomposes the initial constraints in binary and ternary
basic constraints for which it is trivial to compute the projection
functions [9, 24].

− Box-filtering generates a system of univariate interval functions
which can be tackled by numerical methods such as Newton. Con-
trary to 2B-filtering, Box-filtering does not require any constraint
decomposition of the initial constraint systems. However, Box-
filtering requires the generation of a new constraint for each vari-
able of each constraint.

The main drawback of these local consistencies is the over-estimation

of interval functions. This is due to two well known problems :

− the so-called wrapping effect [19], which overestimates by a unique
vector the image of an interval vector (which is in general not a
vector).

− the so-called dependency problem[13], which is due to the inde-
pendence of the different occurrences of some variable during the
interval evaluation of an expression. In other words, during the
interval evaluation process, there is no correlation between the dif-
ferent occurrences of a same variable in an equation: these different
occurrences are just considered as identical intervals. For instance,
consider X = [0, 10], then X − X = [x − x, x − x] = [−10, 10]
instead of [0, 0] as one could have expected.

The success of 2B-consistency depends on the precision of the generated
projection functions. However, in general, the initial constraints are
decomposed into primitive constraints –for which the approximation
of the projections functions are easy to compute– by introducing new
variables. Decomposition does not change the semantics of the initial
constraints system: the initial system and the decomposed one do have
the same solutions but a local consistency like 2B-consistency is not
preserved by the decomposition. Indeed, the decomposition amplifies
the dependency problem, and thus, it yields a weaker filtering (see [14]
for a detailed discussion of this point).

In this paper, we introduce an efficient way to handle quadratic
constraints without using direct projection functions. Indeed, the diffi-
culty when solving quadratic equations comes from the quadratic terms
f(x) = x2 and g(x, y) = xy: f is a convex function whereas g is neither
concave nor convex. It is easy to underestimate convex functions such
as f , whereas it is difficult to handle non-convex and non-concave
functions. That is why we will define tight approximations of these
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constraints. Next section defines the linear relaxations we have used to
define this approximations.

3. Using linear programming techniques to filter quadratic

constraints

The goal is to transform the quadratic constraint system into a linear
program to be able to approximate the upper and lower bounds of the
variables with the Simplex algorithm.

Quadratic constraints may be approximated by linear constraints in
the following way:

− create a new variable for each quadratic term:

• v for x2 with domain [v,max(x2, x2)] where v = 0 if 0 ∈ Dx,
v = min(x2, x2) otherwise.

• w for xy with domain [min{xy, xy, xy, xy}, max{xy, xy, xy,
xy}].

− linearize each quadratic constraint of the constraint system (1) by
using the previous new variables; we denote the produced system

[
∑

(i,j)∈N×N

Ck
i,jxixj +

∑

i∈N

Ck
i x2

i +
∑

i∈N

dk
i xi = bk]L

with k ∈ 1...K. N being the number of variables and K the number
of quadratic constraints. [E]L denotes E where the quadratic terms
have been replaced by their variables.

So, we obtain a first naive linear relaxation of the quadratic con-
straints (1). We denote it LP1. Of course, if no quadratic terms occurs
in the initial constraints, LP1 is an exact relaxation. As stated before,
we have to introduce a new linear relaxation to capture the seman-
tic of quadratic terms. A tight linear (convex) relaxation, or outer-
approximation to the convex and concave envelope1 of the quadratic
terms over the constrained region, is built by generating new linear
inequalities. In the next sub-sections we introduce two tight linear re-
laxation classes that preserve most of the semantic of equations v = x2

1 “Let f : S → E1, where S ⊆ En is a nonempty convex set. Then, the convex
envelope of f over S, denoted fs(x), x ∈ S, is a convex function such that: (1)
fs(x) ≤ f(x) for all x ∈ S, (2) if g is any other convex function for which g(x) ≤ f(x)
for all x ∈ S, then fs(x) ≥ g(x) for all x ∈ S. Hence, fs(x) is the component-
wise supremum over all convex underestimation of f over S. Concave envelope
is defined in a similar way, and defines component-wise infemum over all convex
overestimation of f over S” [4],page 125.
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Figure 2. Illustration of x2 relaxations

and w = xy and that provide a better approximation than interval
arithmetic.

3.1. Linearization of quadratic terms

The problem of quadratic term linearization has been studied in quadratic
optimization; for a deeper overview see [1, 30, 3]. We introduce here a
simplification of these linearizations adapted to our purpose.

The proposed approach is based on Reformulation-Linearization Tech-
niques (RLT) [30].

3.1.1. Linearization of x2

The term x2 with x ≤ x ≤ x is approximated by the following relations:

[x2]R =

{

L1(α) ≡ [(x − α)2 ≥ 0]L where α ∈ [x, x]
L2 ≡ [(x + x)x − y − xx ≥ 0]L

(2)

Inequality L1(α) trivially holds whereas inequality L2, stated by
[26, 2], comes from the following valid inequality:

0 ≤ [(x − x)(x − x)]L = −y + (x + x)x − xx

Note that [(x − α)2 = 0]L generates the tangent line to the curve
y = x2 at the point x = α. Actually, Quad, the new algorithm we
propose, computes only L1(x) and L1(x). Consider for instance the
quadratic term x2 with x ∈ [−4, 5]. Figure 2 displays the initial curve
(i.e., x2), and the lines corresponding to the equations generated by
the relaxations: L1(−4) ≡ y + 8x + 16 ≥ 0, L1(5) ≡ y − 10x + 25 ≥ 0 ,
and L2 ≡ −y + x + 20 ≥ 0.
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with z = 5
z = xy

x

x

BIL1

BIL2

BIL3

BIL4

Figure 3. Illustration of xy relaxations

We may note that L1(x) and L1(x) are underestimations of x2

whereas L2 is an overestimation. L2 is also the concave envelope, which
means that it is the optimal concave overestimation.

Of course, the selection of additional points for the L1 underesti-
mations improves the precision of the approximation. However, it also
increases the size of the linear constraint system. A key issue is to
find a good balance between the precision of the approximation and
the number of generated inequalities. Up to now, we did not find any
application where adding more approximations did pay off.

3.1.2. Linearization of xy
In the case of bilinear terms xy, McCormick [26] has proposed the
following relaxations of xy over the box [x, x] × [y, y]:

[xy]R =















BIL1 ≡ [(x − x)(y − y) ≥ 0]L
BIL2 ≡ [(x − x)(y − y) ≥ 0]L
BIL3 ≡ [(x − x)(y − y) ≥ 0]L
BIL4 ≡ [(x − x)(y − y) ≥ 0]L

(3)

BIL1 and BIL3 define a convex envelope of xy whereas BIL2 and
BIL4 define a concave envelope of xy over the box [x, x] × [y, y]. Al-
Khayyal and Falk [2] showed that these relaxations are the optimal
convex/concave outer-estimations of xy.

Consider for instance the quadratic term xy with x ∈ [−5, 5] and
y ∈ [−5, 5]. The work done by the linear relaxations of the 3D curve
z = xy is well illustrated in 2D by fixing z. Figure 3 displays the 2D
shape for the level z = 5 of the initial curve (i.e., xy = 5), and the lines
corresponding to the equations generated by the relaxations (where
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z = 5): BIL1 ≡ z + 5x + 5y + 25 ≥ 0, BIL2 ≡ −z + 5x − 5y + 25 ≥ 0,
BIL3 ≡ −z − 5x + 5y + 25 ≥ 0, and BIL4 ≡ z − 5x − 5y + 25 ≥ 0.

The observant reader may have noticed that the relaxation of xy
do not take advantage of the discontinuity of the curve (see figure 3.
However, as soon as the splitting process starts, the relaxations become
much more tighter.

Many other relaxations have been proposed by [30, 3]. For simplicity,
we prefer to restrict the presentation to these two classes which are
sufficient to achieve a better filtering than 2B-consistency and Box-
consistency do.

Next section gives an overview of the whole filtering algorithm of
quadratic constraints.

4. Quad, The new filtering algorithm

Now, we are in position to define LRQ, the set of linear relations we
use to approximate quadratic constraints:

LRQ ≡



















[
∑

(i,j)∈N×N Ck
i,jxixj +

∑

l∈N Ck
l x2

l +
∑

i∈N dk
i xi = bk]L

L1(xl), L1(xl) for all xl with l ∈ N
L2 for all xl with l ∈ N
BIL1, BIL2, BIL3, BIL4 for all xixj with (i, j) ∈ N × N

LRQ will be embedded in a linear program (LP) for filtering quadratic
constraints.

The filtering process is shown in Algorithm 1.
At each iteration step, the reduction achieved by the Simplex algo-

rithm must be greater than ε for at least one bound of some variable.
The iteration process is stopped as soon as the domain of some variable
becomes empty. So, the algorithm converges and terminates if ε is
greater than zero.

The next section introduces a procedure to get a safe LRQ ap-
proximation of the initial constraint system with a safe call to the
Simplex algorithm. Hence, it guarantees the completeness of the Quad
algorithm.

5. A safe procedure for the Quad algorithm

The linearizations involved in the Quad algorithm preserve all the so-
lutions over the reals as long as their coefficients are exactly computed.
The point is that these coefficients are generally computed with float-
ing point numbers. Computations with floating point numbers require
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Algorithm 1 The Quad algorithm

Function Quad−filtering(IN: D, Q, ε) return D ′

% D: input domains; Q: quadratic constraints (1)
% ε: minimal reduction
D′ := D
do

for all x ∈ vars(Q) do

Construct and solve the following LP
{

Z = minimize(x)
w.r.t.LRQ from the quadratic constraints Q

x′ := max(x,Z)
Solve the same LP with Z = maximize(x)
x′ := min(x,Z)

endfor

while the reduction amount of some bound is greater than ε and

∅ 6∈ D′

rounding operations that may introduce some approximations of the
initial linearizations.

First, we show how to guarantee that the computed approximations
actually contain all the solutions over the reals. Second, we point out a
procedure of Neumaier and Shcherbina which ensures a safe behaviour
of the Simplex algorithm on floating point numbers2.

5.1. Computing safe coefficients

5.1.1. A safe approximation of L1
The linearizations L1(α) ≡ y−2αx+α2, where y stands for the variable
which replaces x2 in the linear constraints, defines a convex approxi-
mation of the term x2. Linearization L1(α) generates the tangent lines
to the curve y = x2 at the point (α, α2).

The computation with floating point arithmetic of −2α and α2 may
change the slope as well as the intersection point with the y axis. Quad
computes only this linearization for the points (x, x2) and (x, x2). So,
α is always a float and the computation of the safe approximation is
somewhat simplified. Roughly speaking, consider the case where α ≥
0, the slope is decreased as well as the intersection with the y axis.
Therefore, we have just to compute an approximation that defines a

2 The Simplex algorithm performs safe computations when it works with rational
numbers. In this case no rounding problems occur but computations with rational
numbers may be very time and space consuming.
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12 Lebbah, Michel and Rueher

line which, for any x ≥ 0, is under the line defined by the linearization
L1. As all solutions are above L1, the approximation L1F(α) of the
L1(α) linearization, is conservative (see proposition 1).

PROPOSITION 1 (L1F(α) approximations [27]).

Assume that L1(α) holds, and let α ∈ F and

L1F(α) ≡

{

y −5(2α)x + 4(α2) ≥ 0 iff α ≥ 0
y −4(2α)x + 4(α2) ≥ 0 iff α < 0

Then, for all x ∈ Dx, and y ∈ [0,max{x2, x2}], L1F(α) holds.

Proof. Let us consider the first case. In order to prove that L1F(α)
holds whenever L1(α) holds, we will show that the following relation
holds:

y −5(2α)x + 4(α2) ≥ y − 2αx + α2 ≥ 0 for all x ∈ Dx

and y ∈ [0,max{x2, x2}]
(4)

It results from the rounding to −∞ that 5(2α) ≤ 2α. So, we have
5(2α)x ≤ 2αx for all positive x and then −5(2α)x ≥ −2αx.
Using the properties of the rounding to +∞, we have 4(α2) ≥ α2.
Therefore y−5(2α)x+4(α2) ≥ y− 2αx +α2 holds for all positive x.
The second case can be proved in a similar way.
2

5.1.2. Safe approximations of L2
The case of L2 is a bit more tricky since the “rotation axis” of the line
defined by L2 could be between the extremum values of x2 (L2 is an
overestimation of x2). Thus, to keep all solutions we have to strengthen
the slope of this line at its smallest extremum. Proposition 2 introduces
a safe approximation L2F of L2:

PROPOSITION 2 (L2F approximations [27]).
Assume that L2 holds, and let

L2F ≡



































4(x + x)x − y −5(xx) ≥ 0 iff x ≥ 0
5(x + x)x − y −5(xx) ≥ 0 iff x < 0
4(x + x)x − y −5(xx + Ulp(4(x + x))x) ≥ 0

iff x > 0 ∧ x < 0 ∧ |x| ≤ |x|
5(x + x)x − y −5(xx −4(Ulp(4(x + x))x)) ≥ 0

iff x > 0 ∧ x < 0 ∧ |x| > |x|

where Ulp(a) — which stands for Unit in the last place — com-

putes the distance between floating point number a and its predecessor.

Then, for all x ∈ Dx and y ∈ [0,max{x2, x2}], L2F holds.
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Proof. The proofs of the first and second cases are similar to the
proof of L1F.
The proof of the third case is a bit more tricky. The essential observation
is that both L2F and L2 contain the same term y. Thus the proof
reduces to show that the following relation holds:

4(x + x)x −5(xx + Ulp(4(x + x))x) ≥
(x + x)x + xx ≥ 0,∀x ∈ [x, x]

(5)

First, let us consider the coefficient of the slope. Rounding to +∞
ensures that 4(x + x) = (x + x) + ε with Ulp(4(x + x)) ≥ ε ≥ 0.
Thus, we just need to show that

εx −5(xx + Ulp(4(x + x))x) ≥ xx for all x ∈ [x, x]

Due to the properties of the rounding to −∞ , we have

5(xx + Ulp(4(x + x))x) ≤ xx + Ulp(4(x + x))x

Thus

−5(xx + Ulp(4(x + x))x) ≥ −(xx + Ulp(4(x + x))x)

and

εx −5(xx + Ulp(4(x + x))x) ≥ εx − (xx + Ulp(4(x + x))x)

Therefore, relation (5) holds if εx − Ulp(4(x + x))x ≥ 0. That is to
say, relation (5) holds if εx ≥ Ulp(4(x + x))x holds.
As Ulp(4(x + x)) ≥ ε ≥ 0 and x ≤ 0, εx ≥ Ulp(4(x + x))x holds
for all x ∈ [0, x]. When x ∈ [x, 0], we have min(εx) = εx since ε is
positive. Here again, as Ulp(4(x + x)) ≥ ε, then relation (5) holds for
any x ∈ [x, 0]. The fourth case can be proved with a similar reasoning.
2

Note that the condition |x| ≤ |x| is not used by the proof. We only
differentiate third and fourth cases to obtain a better correction.

Note that a finer correction of the third and fourth cases could be
obtained by replacing the function Ulp(a) by |4(a)−5(a)|. This would
avoid to add an unnecessary correction when the computation of the
slope is exact.

5.1.3. Safe approximations of BIL1, BIL2, BIL3 and BIL4
The general form of linearizations BIL1, BIL2, BIL3 and BIL4 is

w + s1b1x + s2b2y + s3b1b2 ≥ 0
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14 Lebbah, Michel and Rueher

where the bk are floating point numbers corresponding to the bounds
of x and y, and where si ∈ {−1, 1}. Thus, the coefficients of the
linearization are always computed exactly.

The rounding operation only applies to the computation of the
constant values. So, these linear constraints can be rewritten in the
following form: Y + s3b1b2 ≥ 0.

A rounding of s3b1b2 to +∞ enlarges the solution space, and thus
ensures that all these linear constraints are safe approximations of xy.

It follows that BIL1F, BIL2F, BIL3F and BIL4F are equivalent to
Y + 4(s3b1b2) ≥ 0.

5.2. Correction of the Simplex algorithm

The Simplex method can solve linear problems of the following form:

minimize cT x
subject to b ≤ Ax ≤ b

The solution of such a problem is a vector xR ∈ R
n. However, the

solution computed by solvers like CPLEX [16] or Soplex [33] is a vector
xF ∈ F

n that may differ from xR due to rounding errors. More precisely,
xF is safe for the objective if cT xR ≥ cT xF.

Neumaier and Shcherbina[28] have provided a cheap method to ob-
tain a rigorous bound of the objective. The essential observation is that
the dual of the problem is:

maximize bT y − b
T
z

subject to AT (y − z) = c, y ≥ 0, z ≥ 0

Associated with the approximate solution of the dual is an approxi-
mate multiplier λ ≈ y − z which is used to compute a rigorous interval
enclosure of the residual: r = AT λ − c. It follows that

cT x = (AT λ − r)T x = λT Ax − rT x ∈ λT [b, b] − rT [x, x]

and the value of µ, the lower bound of the value of the objective function
is:

µ = inf(λT [b, b] − rT [x, x])

This value is trivially correct by construction. Note that the precision
of such a safe bound depends on the width of the interval [x, x].

The computation of r and µ could be rigorously done using interval
arithmetic. Neumaier et al. [28] have also proposed a certificate of
infeasibility when the Simplex algorithm is in the infeasible state.
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So, we have to apply this correction before updating the lower bound
or the upper bound of each variable to ensure that the obtained domains
contain all the solutions.

6. Experimentations

To evaluate the contribution of the Quad algorithm we have compared
its performances with classical filtering algorithms3 (i.e., 2B-filtering,
Box-filtering and 3B-filtering) and with the Ilog Solver system [17]
on two benchmarks: a planar case of the Gough-Stewart platform [10]
and a Kinematics application, named “kinema” [5]. We have performed
the following experimentations:

− Filtering initial domains containing exactly one solution;

− Filtering initial domains containing many solutions;

− Combining filtering and splitting to isolate all the solutions.

Experimentations covering 2B-filtering, Box-filtering and 3B-filtering
have been performed with the implementation of iCOs [20, 21], one of
the most efficient library for this kind of algorithms [7].

Quad has been implemented with the linear programming solver
“CPLEX“ [16]. Quad and Ilog Solver use the same splitting strategies
to isolate the different solutions. The tests with Ilog Solver uses a
Box-filtering which is based on Numerica [32]. All the experimenta-
tions have been run on PC-Notebook/1Ghz. CPU times are given in
seconds.

6.1. The Gough-Stewart platform benchmark

The first benchmark [10] comes from robotics and describes the kine-
matics of a planar case of the Gough-Stewart platform.

3 Alternative methods have been proposed for solving nonlinear systems. For in-
stance, algebraic constraints can be handled with symbolic methods [8] (e.g. Groeb-
ner Basis, Resultant). However, these methods can neither handle non-polynomial
systems nor deal with inequalities.
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Table II. Filtering results on the Gough-Stewart problem for some domains
containing only one solution

Initial domains 2B Box 3B Quad

x1 [ 0.00, 5.57] [ 0.00, 5.56] [ 0.00, 5.56] [ 0.55, 4.68] [ 2.93, 2.93]

y1 [ 0.00, 2.70] - - - [ 0.45, 0.45]

z1 [ 0.00, 5.57] [ 0.00, 5.56] [ 0.00, 5.56] [ 1.14, 5.54] [ 4.70, 4.70]

x2 [-6.00, 0.00] [-4.50,-0.15] [-4.50,-0.15] [-4.07,-0.84] [-1.81,-1.81]

y2 [-2.00, 0.00] - - - [-0.48,-0.48]

z2 [ 0.00, 6.25] [ 3.83, 6.24] [ 3.83, 6.24] [ 4.43, 6.17] [ 5.95, 5.95]

x3 [-5.39,-1.00] [-5.38,-1.00] [-5.38,-1.00] [-5.05,-1.00] [-1.66,-1.66]

y3 [-5.39, 0.00] [-5.29, 0.00] [-5.29, 0.00] [-4.38, 0.00] [-0.20,-0.20]

z3 [ 0.00, 5.39] [ 0.00, 5.29] [ 0.00, 5.29] [ 0.91, 5.29] [ 5.11, 5.11]

PROBLEM 1 (Gough-Stewart [10]).



































































x2
1 + y2

1 + z2
1 = 31; x2

2 + y2
2 + z2

2 = 39; x2
3 + y2

3 + z2
3 = 29;

x1x2 + y1y2 + z1z2 + 6x1 − 6x2 = 51;
x1x3 + y1y3 + z1z3 + 7x1 − 2y1 − 7x3 + 2y3 = 50;
x2x3 + y2y3 + z1z3 + x2 − 2y2 − x3 + 2y3 = 34;
−12x1 + 15y1 − 10x2 − 25y2 + 18x3 + 18y3 = −32;
−14x1 + 35y1 − 36x2 − 45y2 + 30x3 + 18y3 = 8;
2x1 + 2y1 − 14x2 − 2y2 + 8x3 − y3 = 20;
x1 ∈ [−2.00, 5.57]; y1 ∈ [−5.57, 2.70]; z1 ∈ [0, 5.57]
x2 ∈ [−6.25, 1.30]; y2 ∈ [−6.25, 2.70]; z2 ∈ [−2.00, 6.25]
x3 ∈ [−5.39, 0.70]; y3 ∈ [−5.39, 3.11]; z3 ∈ [−3.61, 5.39]

Table II shows the results of the different filtering algorithms for
some domains containing only one solution. The symbol “−” means
that no reduction has been done. Quad is the only algorithm who
isolates the unique solution. These results outline the advantage of the
global view of Quad over the local or partial view of the other filtering
algorithms.

Table III shows that the different algorithms yield almost the same
pruned domains for some initial domains containing several solutions.
Indeed, this first pruning is rather poor since it has to preserve all
solutions. Like many strong filtering, Quad becomes really efficient
when the splitting process starts.

Table IV provides the execution timing for finding all the solutions
on the initial domains. Quad outperforms Ilog Solver and “interval
Newton” on this problem. Ilog Solver was run with Box-consistency;

quadsafe05_web.tex; 22/10/2004; 10:38; p.16



A rigorous global filtering algorithm for quadratic constraints 17

Table III. Filtering results on the Gough-Stewart problem for some domains
containing many solutions

Initial domains 2B Box 3B Quad

x1 [-2.00, 5.57] [-2.00, 5.56] [-2.00, 5.56] [-2.00, 5.44] -

y1 [-5.57, 2.70] [-5.56, 2.70] [-5.56, 2.70] [-5.56,2.70] -

z1 [0.00, 5.57] [ 0.00, 5.56] [0.00, 5.56] [0.00,5.56] -

x2 [-6.25, 1.30] [-6.19, 1.30] [-6.19, 1.30] [-5.64, 0.75] [-5.17, 0.34]

y2 [-6.25, 2.70] [-6.24, 2.70] [-6.24, 2.70] [-6.24, 2.70] [-1.77, 2.70]

z2 [-2.00, 6.25] [-2.00, 6.24] [-2.00, 6.24] [-2.00, 6.24] -

x3 [-5.39, 0.70] [-5.38, 0.69] [-5.38, 0.69] [-5.38, 0.69] [-5.38, 0.69]

y3 [-5.39, 3.11] [-5.38, 3.10] [-5.38, 3.10] [-5.38, 3.10] [-5.39, 3.10]

z3 [-3.61, 5.39] [-3.60, 5.38] [-3.60, 5.38] [-3.60, 5.38] [-3.60, 5.38]

Table IV. Filtering performance for the Gough-Stewart problem

Interval Newton Ilog Solver Quad RealPaver

CPU time 14400 371.6 24.41 78.2

splittings ? 45612 95 -

results were worst with Bound-consistency [29]. Quad is also about 3
times faster than RealPaver [12].

More than 3 hours CPU time are required to isolate the solutions
when using 3B-consistency filtering and a splitting process.

The results of “interval Newton” are those published by [10]; the
computations where done on a Pentium 90 computer, more than 10
time slower than our computer. Removing multiple occurrences of the
variables, enables [10] to solve the problem in about three hours.
Didrit [10] solves in 24 minutes an other formulation of that problem
which is far from being obvious and where three variables are removed.
Note that Quad requires very few splittings to find all the solutions of
this problem. So, even if the filtering process is more complex, it really
pays off on difficult problems.

6.2. The kinematics benchmark

Now, let us consider a kinematics application, named “kinema” [5]. This
second benchmark describes a robot kinematics problem. The results
obtained with the different algorithms are similar to the previous one.
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Table V. Filtering results on the kinematics problem for
some domains containing a single solution

Initial domains 2B Box 3B Quad

z1 [11, 13] - - - [11.99, 12.00]

z2 [7, 9] - - - [7.99, 8.00]

z3 [1, 3] - - - [1.99, 2.00]

z4 [7, 9] - - - [7.99, 8.00]

z5 [11, 13] - - - [11.99, 12.00]

z6 [1, 3] - - - [1.99, 2.00]

z7 [7, 9] - - - [7.99, 8.00]

z8 [15, 17] - - - [15.99, 16.00]

z9 [5, 7] - - - [5.99, 6.00]

PROBLEM 2 (Kinema [5]).












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






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
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


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































z2
1 + z2

2 + z2
3 − 12z1 − 68 = 0;

z2
4 + z2

5 + z2
6 − 12z5 − 68 = 0;

z2
7 + z2

8 + z2
9 − 24z8 − 12z9 + 100 = 0;

z1z4 + z2z5 + z3z6 − 6z1 − 6z5 − 52 = 0;
z1z7 + z2z8 + z3z9 − 6z1 − 12z8 − 6z9 + 64 = 0;
z4z7 + z5z8 + z6z9 − 6z5 − 12z8 − 6z9 + 32 = 0;
2z2 + 2z3 − z4 − z5 − 2z6 − z7 − z9 + 18 = 0;
z1 + z2 + 2z3 + 2z4 + 2z6 − 2z7 + z8 − z9 − 38 = 0;
z1 + z3 − 2z4 + z5 − z6 + 2z7 − 2z8 + 8 = 0;
zi ∈ [−100, 100], i = 1..9

Table V shows the results of the different filtering algorithms for
some domains containing only one solution. Quad is again the only
algorithm who isolates the unique solution.

The pruning achieved by Quad is relatively more significant than
2B/Box/3B-filtering when the initial domains contain several solutions
(see table VI).

Table VII shows that Quad outperforms Ilog Solver and RealPaver [12].
We note also that Quad requires much less splittings than Ilog Solver

to find the solutions.

7. Conclusion

This paper has introduced a new algorithm for handling systems of
quadratic constraints. This algorithm performs a global filtering on
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Table VI. Filtering results on the kinematics problem for some domains containing
many solutions

Init. Dom. 2B Box 3B Quad

z1 [-100, 100] [-5.66, 16.19] [-5.66, 16.19] [-5.66, 16.19] [-4.19, 16.19]

z2 [-100, 100] [-16.19, 16.19] [-16.19, 16.19] [-12.14, 12.65] [-11.54, 12.85]

z3 [-100, 100] [-16.19, 16.19] [-16.19, 16.19] [-12.14, 12.65] [-6.62, 12.85]

z4 [-100, 100] [-16.19, 16.19] [-16.19, 16.19] [-12.14, 12.65] [-7.91, 12.85]

z5 [-100, 100] [-5.66, 16.19] [-5.66, 16.19] [-5.66, 16.19] [-4.19, 16.19]

z6 [-100, 100] [-16.19, 16.19] [-16.19, 16.19] [-12.14, 12.65] [-4.47, 12.85]

z7 [-100, 100] [-32.96, 32.96] [-32.96, 32.96] [-18.45, 15.43] [-11.36, 16.26]

z8 [-100, 100] [-12.31, 32.96] [-12.31, 32.96] [0.96, 24.27] [-1.13, 25.13]

z9 [-100, 100] [-32.96, 32.96] [-20.96, 32.96] [-5.12, 19.11] [-9.41, 21.41]

Table VII. Filtering performance for the kinematics
problem

Ilog Solver Quad RealPaver

CPU time 762.60 33.40 824.12

splittings 244000 220 -

a linear relaxation of the initial constraint system. Experimentations
on robotics benchmarks are very promising and show the capabilities
of this framework. We have also introduced a procedure which allows
us to tackle linear relaxation of continuous CSPs without losing any
solution. Though these corrections were defined in the context of the
Quad algorithm, the principles presented here could be extended to
other problems where the Simplex algorithm has to be integrated into
a CSP system.

Quad may be integrated in a general branch and prune solver or a
cooperative framework [25] to tackle non-polynomial problems with a
significant subset of quadratic constraints. Combining Quad with local
consistencies and interval methods is also a very promising approach
for solving numerical CSP [22].

So, Quad could play the role of global constraint for handling all
quadratic constraints in many geometric or robotics applications where
numerous distance constraints occur.
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